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2.Contradiction

S.integer " 6. Suppose

7.Contradicts .... a8L5 8. Assumption

9. Irrational . 1950 (ol (S5 10.Squaring Oyl )Y oyles

11. Common divisors .... e S piiin B Jole 12.Conclude

Proof by contradiction:

We want to show that p is true. We assume it is not and therefore ~p is true and then derive a

contradiction. By the rule of contradiction discussed in Chapter 1, p must be true.

Theorem 10.1

If n% is an even integer so is n.

Proof.

Suppose the contrary. That is suppose that n is odd. Then there is an integer k such that n=2k+1.
In this case, n?=2(2k?+2k)+1 is odd and this contradicts the assumption that n? is even. Hence, n
must be even. m

Theorem 10.2

The number «/E is irrational.

Proof.

Suppose not. That is, suppose that /2 is rational. Then there exist two integers m and n with no
common divisors such that /2 = m. Squaring both sides of this equality we find that 2n?=m2,
Thus, m? is even. By Theorem 102, m is even. That is, 2 divides m. But then m=2k for some
integer k. Taking the square we find that 2n>=m?=4k?, that is n>=2k?. This says that n? is even and
by Theorem 10.1, n is even. We conclude that 2 divides both m and n and this contradicts our
assumption that m and n have no common divisors. Hence, V2 must be irrational. m
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Theorem 10.3
The set of prime numbers is infinite.
Proof.
Suppose not. That is, suppose that the set of prime numbers is finite. Then these prime numbers can
be listed, say, p, ,p, ....p,- Now, Consider the integer N=p, p, ...p,+1. By the Unique Factorization
Theorem, (See Problem 12.5) N canbe factored into primes. Thus, there isa prime number p. such that
p,IN. Butsince p,| p, p, ...p, we have p|(N-p, p,...p,)=1, a contradiction since p>1 m
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